This paper studies the static fracture problems of an interface crack in linear piezoelectric bimaterial by means of the extended finite element method (X-FEM) with new crack-tip enrichment functions.
INTRODUCTION
As a powerful tool in computation fracture mechanics, the extended finite element method (X-FEM) was originally proposed by Belytschko and Black [1] . In the X-FEM, crack discontinuity is represented by enriching the classical finite element approximation by discontinuous and cracktip enrichment functions based on the framework of the partition of unity. A state-of-the-art review of the X-FEM for computational fracture mechanics can be found in [2] [3] [4] [5] . Recently, the X-FEM has been successfully applied to solve the crack problem of piezoelectric materials [6] [7] [8] [9] [10] [11] [12] . Among them, Béchet et al. [6] firstly applied the X-FEM to the fracture of piezoelectric materials and derived new crack-tip enrichment functions. Bhargava and Sharma [7, 8] further studied the size effect and two-unequal-collinear crack problem in piezoelectric materials by means of the X-FEM.
Sharma et al. [9] analyzed a subinterface crack in piezoelectric bimaterial with the X-FEM. Liu et al. [10, 11] studied the crack problems for functionally graded piezoelectric materials under electromechanical and thermal impacts, respectively. Nguyen-Vinh et al. [12] investigated the dynamic fracture of piezoelectric materials employing the X-FEM. Bui and Zhang [13] applied the X-FEM to simulate the stationary dynamic cracks in piezoelectric bodies under impact loading. Nanthakumar et al. [14, 15] proposed an effective iteration method to solve the inverse problem of detecting voids and cracks in piezoelectric structures using the X-FEM. Alternatively, a number of numerical techniques are also turned out to be very efficient to solve complex fracture problems, such as the special crack-tip elements [16] , the embedded finite element method [17] [18] [19] [20] [21] [22] [23] , the cracking particles method [24] [25] [26] [27] [28] and the phase-field models [29, 30] . Most of these numerical methods have been extended to the crack analysis in piezoelectric materials [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] .
On the other hand, considerable analytical studies have been conducted to investigate the twodimentional (2-D) interface crack problem in a piezoelectric bimaterial [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] . However, owing to the mathematical complexity, all these theoretical studies are limited to the interface cracks between two semi-infinite planes or two infinite strips. Also, until now, several numerical methods have been proposed to solve the interface crack problem in piezoelectric bimaterial. For example, Liew and Liang [61] presented a numerical model for three-dimensional (3-D) piezoelectric bimaterials based on the boundary element method (BEM). Guo and Fang [62] studied the fracture behaviors of interface cracks in piezoelectric bimaterials employing the developed element free Galerkin method (EFG). In connection with the classical finite element method (FEM), Govorukha and Kamlah [63, 64] derived the asymptotic solutions to the interface crack problem. Scherzer and Kuna [65] proposed a new technique to bypass possible singular oscillatory terms by means of orthogonalized eigenfunctions. Benedetti et al. [66] presented a fast boundary element method for the analysis of 3-D solids with cracks and bonded piezoelectric patches. Sladek et al. [67, 68] put forward a meshless method based on the local Petrov-Galerkin approach and applied it to analyse the electrically impermeable and permeable interface crack problem. Lei and Zhang [69] and Lei et al. [70] studied the transient response of interfacial cracks under electromechanical impacts by a time-domain boundary element method. Li et al. [71] extended the scaled boundary finite element method (SBFEM) to investigate the dynamic field intensity factors of electrically impermeable interface cracks. However, to our best knowledge, application of the X-FEM to fracture analysis on the interface crack problem in a piezoelectric bimaterial has not been reported yet; in particular, the suitable crack-tip enrichment functions for the aforementioned problem are still not available to date.
Therefore, in this paper, corresponding to two classes of singularities of interface cracks between two dissimilar transversely isotropic piezoelectric materials, namely ε class and κ class, we newly derive two classes of crack-tip enrichment functions and present the X-FEM analysis on the former, which can be regarded as a new topic owing to its oscillating behaviour near the crack tip. Following the introduction, the basic equations are briefly given in Section 2, and the basic extended finite element formulation is clearly provided in Section 3. The crack-tip asymptotic fields   of generalised displacement and new crack-tip enrichment functions suitable for an interface crack 11  11  11  13  31   33  33  13  33  33   13  44  15  13   15  11  1  1   31  33  33  3 
Boundary conditions
As shown in Figure 1 , a piezoelectric bimaterial system consists of two dissimilar materials which occupy the domains 1 Ω and 2 Ω , respectively. The problem domain 
EXTENDED FINITE ELEMENT FORMULATION
The classical FEM has been widely applied to crack problems in piezoelectric materials, and a detailed survey was given by Kuna [72, 73] . The classical FEM requires that the boundary of element mesh conforms to the crack faces and therefore double nodes are prescribed on the crack faces. However, the modelling of cracks using the X-FEM is independent of element shape or meshing, which simplifies the mesh generation and avoids remeshing as the crack propagates. The interface cracks in a bimaterial can also be modelled by changing the nodal properties on crack faces without using double nodes in the X-FEM. Moreover, in the classical FEM, the special cracktip elements (CTE), for example, the quarter-point elements, are commonly employed to account for the stress field singularity with a strength of 1 r , and have been proved to produce accurate results for piezoelectric solids [31] [32] [33] [34] . However, this sort of elements is only applicable to model the real singularity near crack tip, e.g., inverse square root singularity. For the complex singularity of interface crack problems in a bimaterial, those elements cannot capture the oscillating feature of the displacements and the stresses in the vicinity of a crack tip. The X-FEM, however, can satisfactorily address this problem by means of the suitable crack-tip enrichment functions.
The extended finite element approximation for the displacement and electrical potential for impermeable boundary conditions is written as [4] [5] [6] 9] ( ) ( (6) where i N is the standard finite element shape function related to node i; i u is a 3-component vector of nodal degree of freedom since three nodal variables ( ) Figure 2 shows the enrichment scheme, in which the nodes enriched by the Heaviside function (Figure 2a ) and the latter spans all nodes lying inside a circle of radius r e centred at the crack tip (Figure 2b ), which is useful to improve the X-FEM accuracy [6, 74] . It is remarked that crack-tip enrichment will be used if one node is simultaneously enriched by the aforementioned two kinds of functions.
After the approximate discretization of the governing equations, the standard discrete system of equations is obtained as
where K is the stiffness matrix and f is the external force vector. 
where u, a and b refer to the extended displacement vectors and the extended new (enriched) degree of freedom vectors and l is the number of the components of crack-tip enrichment functions, so where t and f are the prescribed extended tractions and volume force vector, respectively, and
, for elastic field, , for electric field,
are, respectively, the α th component of crack-tip enrichment functions for elastic field F  and electric field F  . They are extracted from the analytical solution, and will be provided in the next section. In Equation (10a), 
These functions are also called standard four-fold enrichment functions or isotropic enrichment functions. As the simplest enrichment functions, they have been used to model the near-tip displacement field in homogeneous piezoelectric materials [6] [7] [8] . In the present study, we will derive new crack-tip enrichment functions for an interface crack in a piezoelectric bimaterial.
Since we are mainly interested in the singularity at the crack tip, a semi-infinite crack model is employed, which is simpler to obtain analytical solutions. Referring to [42, 43, 64] , the general solution for a two-dimensional problem can be expressed as diag , ,
For an electrically impermeable crack, the continuity and boundary conditions at the interface can be written as (14) and (15) can be rewritten as [75] ( ) 
For θ π = ± and 0
Substituting Equations (17) and (18) into Equation (16) 
The former is called ε -class (oscillating singularity), and the latter is called κ -class (nonoscillating singularity) [48] . The crack-tip enrichment functions for the two cases will be derived separately.
(i) ε -class (oscillating singularity)
For the present plane strain problem, there are six eigenvalues for each piezoelectric material, 
For the ε -class problem, the stresses near the crack tip have the oscillating singularity while electric displacement has inverse square root singularity according to Equation (18) . The difference in the singularities above leads to different crack-tip enrichment functions and, therefore, the crack-tip enrichment functions for the elastic field and electric field should be derived, respectively. 
where 
, cos ln cos , , cos ln sin
, sin ln cos , , sin ln sin
By assembling the enrichment functions for each eigenvalue and only retaining the independent components, the whole crack-tip enrichment functions for the elastic field can be presented as 
On the other hand, for the interfacial crack problem the electric displacement exhibits the classical 1 r singularity behavior near the crack tip. This is consistent with the internal crack problem in a homogeneous piezoelectric material, in which both stresses and electrical displacement have the classical inverse square root singularity. The aforementioned real singularity makes the crack-tip enrichment functions for the electric field rather simple. By setting 0 ε = in Equation (27) , the corresponding crack-tip enrichment functions for the electric field concerning ( ) m t p can be readily acquired as
In this way, we have obtained the crack-tip enrichment functions for the elastic field and electric field, i.e., Equations (27) and (28), respectively. For arbitrary angles of poling direction with respect to the crack path, Béchet et al. [6] developed the crack-tip enrichment functions for cracks in homogeneous piezoelectric materials. If we assume that the poling direction is perpendicular to the crack faces, which is considered in the present paper, the corresponding crack-tip enrichment functions in Béchet et al. [6] and Bhargava and Sharma [8] are consistent with Equation (28).
Additionally, if further neglecting the electric field, namely ( ) Mohammadi [76] for the homogeneous orthotropic elastic materials. Moreover, Equation (27) shows that a total of 24 crack-tip enrichment functions are obtained for the interface crack problem in piezoelectric bimaterial, compared with the case of isotropic elastic bimaterial in which 12 are proposed in Sukumar et al. [77] . This is owing to the special material property of piezoelectric solids. However, in Equation (28) It is noted that for the present interface crack problem, the component numbers of the crack-tip enrichment functions for the elastic field and electric field are different according to Equations (27) and (28) . As previously mentioned, Equation (28) is a special case of Equation (27) as the oscillating index 0 ε = . Hence when assembling the system stiffness matrix, for convenience, we can still regard Equation (28) as a vector with 24 components, in which only six of them, namely, the 1st, 2nd, 5th, 6th, 9th, 10th are effective and the other 18 components are equal to zero.
However, these zero components of crack-tip enrichment functions for the electric field will lead to linear dependence or the fact that all the elements of the corresponding rows and columns in the system stiffness matrix equal to zero. Obviously, this will result in the appearance of singularity in the system stiffness matrix. Therefore, in order to avoid the singular solution problem, the added nodal degrees of freedom k α b associated with the aforementioned zero components of crack-tip enrichment functions for the electric field will be set as zero in the FEM pre-processing, which can be regarded as the generalised essential boundary conditions.
In addition, it is worth mentioning that two pairs of crack-tip enrichment functions, namely Additionally, the enrichment functions (27) are applicable to the interface crack problem in anisotropic elastic bimaterials if neglecting the components relating to the piezoelectric phase.
(ii) κ -class (non-oscillating singularity)
Considering that all singularities are real for κ -class bimaterial, the enrichment functions are formally similar to Equation (28) in this case. For completeness, they are presented as follows
m r r r r 
and
has the same form as Equation (29) . As previously mentioned, for real singularity, In the following sections, our attention will be mainly focused on the ε -class problem, considering that the κ -class problem cannot be regarded as a new topic owing to the fact that, for the κ -class problem, no oscillating singularity is observed and its crack-tip enrichment functions are formally analogous to the existing ones for the homogeneous elastic materials [76] and piezoelectric materials [6, 8] .
COMPUTATION OF J-INTEGRAL FOR INTERFACIAL CRACKS
The singular fields at the crack tip are usually characterized by stress intensity factors (SIFs) in the fracture mechanics of homogeneous materials. However, for interfacial crack problems in an elastic bimaterial and the ε -class piezoelectric bimaterial, the stresses near the crack tip exhibit the oscillating singularity. This is not realistic in practice. Therefore, researchers adopt the energy release rate (ERR) as the fracture parameter in fracture analysis for piezoelectric bimaterials [50, 55, 57] . In the fracture mechanics of linear piezoelectric materials, the ERR is equivalent to the path-independent J-integral, which remains globally path independent for interface crack problems when there is no material inhomogeneity in the direction parallel to the crack [78] . Kuna [33, 72] has shown that the direct numerical determination of the J-integral is quite difficult owing to the fact that a contour or surface must be defined throughout the mesh for the accurate calculation of the integral. Therefore, the modified crack closure integral (MCCI) and equivalent domain integral are usually well suited to compute the ERR. MCCI can be utilized with both regular elements and special crack-tip elements, and has been extended to crack problems in homogeneous piezoelectricity [72] . One advantage of it is that the mechanical and electric ERRs can be calculated separately. However, the work concerning the application of MCCI to piezoelectric interface crack is very rare. This may be due to the presence of oscillating singularity, since some researchers have already observed that although the total ERR converges to a constant value, the individual components of ERRs do not exhibit steady values as the virtual crack extension tends to zero for an interface crack in elastic materials [79] [80] [81] . On the other hand, a transformation of the J-integral into an equivalent domain integral is much more favourable, which usually delivers the total ERR with the highest precision under both static and dynamic loadings [72] . Moreover, the equivalent domain integral also allows for an inherent error control because of its path independence. Therefore, herein we will adopt the equivalent domain integral to compute the J-integral.
The J-integral for piezoelectric cracked solids is defined as [6, 53] ( )
where Γ is an arbitrary enclosing contour around the crack tip, starting from a point on the lower crack surface and terminating at a point on the upper crack surface; j n is the jth component of the outward unit vector normal to it and W is the electric enthalpy density, which can be written as
Applying the Gauss integral theorem, Equation (32) can be transformed to an equivalent domain expression
where A is the area inside the contour Γ , and q is a smooth function, which assumes unity at nodes inside the domain A and zero at the nodes outside the domain. The value of q in any position of an element can be evaluated by the interpolation of the nodal values of q
The results of the J-integral are naturally independent of the integral path, but in the numerical calculation the accuracy may be affected by the integration path owing to the numerical error.
Therefore, it is necessary to determine the proper integral path.
NUMERICAL EXAMPLES AND DISCUSSIONS
In this section, numerical examples of interfacial crack problems in a piezoelectric bimaterial are solved using X-FEM to validate the formulation. The first example corresponds to a Griffith interface crack under a combined far-field electromechanical uniform load. The analytical solution for this problem can be found in Suo et al. [43] and Herrman et al. [57] . The second example involves the interface crack between two bonded infinite strips and the analytical solution is given by Gu et al. [50] . Example 3 is an interface crack between two piezoelectric plates with finite size and the influence of the crack location on the fracture parameter is studied. In all the numerical examples, a piezoelectric bimaterial composed of piezoceramics BaTiO 3 and PZT-5H is used and the corresponding material constants are listed in Table I [48, 51] . With these material constants, the oscillating index ε is found as 0.0130 [48] .
Moreover, in the present study, bilinear quadrilateral elements are used in all numerical examples. Since the interface crack is coincident with the element edges, no element partitioning is needed [77] . However, for the consideration of the accuracy in the numerical integration of the weak form, the use of the high-order Gauss quadrature rule in the elements with an enriched degree of freedom is necessary [77] . We decompose the elements with the nodes enriched with the Heaviside function and the crack-tip enrichment functions into four quadrilaterals and, respectively, adopt 5 5 × and 10 10 × Gauss quadrature rules in each quadrilateral. A 2 2 × Gauss quadrature rule is adopted in other non-enriched elements.
The convergence can be studied by comparing the analytical solution to a reference problem with the actual results of a numerical model; the error in the total energy norm is given by
where
Ana ij ε and
Ana i E correspond to the analytical (exact) solution for elastic strains and electric fields, respectively. The convergence of error in the total energy norm with respect to mesh density has been thoroughly investigated in [6, 9, [82] [83] [84] . These all show that the convergence rate of topological enrichment is 0.5 whereas the geometrical one achieves a higher convergence rate, namely, 1.0. Therefore, in the present paper, we will no longer continue with the convergence rate study and instead the main focus will be on the accuracy study of X-FEM.
The following three subsections correspond to the aforementioned three examples, respectively. Tables II to IV are related to the first example whereas Figure 3 and Table V correspond to the second example. Figures 7 and 8 refer to Example 3.
Figures 3 to 6 and

An interface crack between two semi-infinite piezoelectric planes
First, to validate the extended finite element implementation, an interface crack with the length 2a parallel to the x 1 -axis between two dissimilar piezoelectric semi-infinite planes is considered.
The crack is subject to a remote electromechanical load combination 0 σ and 0 D in the x 3 direction.
The applied normal stress 0 σ is taken as 10 MPa and the loading combination parameter D λ is taken as 2, which is introduced to reflect the applied electrical load and is defined as (27) and (28), and the standard isotropic enrichment functions, i.e. Equation (13) Considering the material mismatch in the interface crack problem, the domain independence study for determining an appropriate domain radius is necessary to achieve good accuracy of the J-integral. This study is very meaningful since, to date, it has not been carried out in relation to the interface crack problem in piezoelectric bimaterial. In Figure 4 , results of the domain independence study are presented, where k r is a scalar multiple used to define the domain radius d r by d k e r r h = .
Two different uniform meshes, Figure 4 demonstrate that for all the aforementioned enrichment strategies, the J-integral obtained by X-FEM tends to be a converged value as 4 k r ≥ . This is in agreement with the results of Sukumar et al. [77] in relation to the interface crack problem in isotropic elastic bimaterials. Therefore, in the following computation, if no special explanation is given, k r is taken as 5. Certainly, some researchers adopt more conservative values; for example Béchet et al. [6] and Bhargava and Sharma [7] used 0.8 k r a = . Figure 5 describes the convergence of the J-integral by plotting the relationship between the mesh density and the error percentage of the J-integral in a log-log scale. As expected, with the increase in mesh density, the error decreases rapidly and a high accuracy is available with a relative coarse finite element mesh. The results in Figures 4 and 5 show that the geometrical enrichment achieves a higher accuracy than the topological enrichment. The geometrical enrichment with a larger radius of enriched domain performs better than that with a small one. All these phenomena are consistent with those previously observed in homogeneous piezoelectric materials [6] and magnetoelectroelastic materials [82, 83] . Moreover, the accuracy of the new crack-tip enrichment functions specifically derived for piezoelectric bimaterials is superior to that of the standard isotropic ones if the same topological and/or geometrical enrichment is employed. Additionally, comparison between the results obtained by the X-FEM and those obtained by classical FEM without enrichment is made, and obviously the former is greatly superior to the latter.
Since the reference solution is related to the infinite domain problem, we also study the finite specimen effects for different enrichment strategies as 10 e h a = and the results are presented in Table II . As expected, as the ratio of w a increases, the J-integral decreases. As 20
variations of the J-integral are extremely small and negligible for all enrichment strategies.
Therefore, using the domain size of 40a to model the infinite domain is acceptable.
To investigate the robustness of the present method, a simple test is carried out and corresponding results are listed in Table III. The specimen and mesh parameters are also Table III , we observe that for small perturbations, the J-integrals are stable for all enrichment strategies.
In classical FEM, local refinement of the meshes near the crack tip is a commonly used method for improving computational accuracy. In the present work, we also investigate the efficiency and accuracy of uniform mesh and non-uniform mesh with local refinement. As shown in Figure 6 , . A similar mesh was also adopted by Asadpoure and Mohammadi [76] to perform the X-FEM analysis for crack problems in orthotropic solids. Certainly, the uniform mesh herein is less efficient than the graded mesh [33, 72] , but one advantage of it is that its mesh generation is simpler than the latter. In Table IV we compare the element numbers and computational accuracy of uniform mesh and non-uniform mesh for different mesh densities and enrichment strategies. The results in Table IV reveal that the non-uniform mesh achieves a high accuracy with a less number of elements. As previously shown in Figures 4 and 5, if the same enrichment strategy is adopted, the accuracy of new crack-tip enrichment functions is better than that of standard isotropic enrichment functions. Moreover, by refining the meshes near the crack tips and using a large enriched radius, the geometrical isotropic enrichment can also achieve high accuracy.
An interface crack between two bonded infinite piezoelectric strips
In this example, an interface crack between two infinite piezoelectric strips is analysed. The load boundary conditions are the same as for the previous example, i.e. 0 10 MPa σ = and 2
As shown in Figure 3 , the width of half model 20 w a = is also taken to model the strips with infinite length and the height of each layer h is taken as a much smaller value. The analytical solution to this problem can be readily obtained from Gu et al. [50] by setting the applied load independent of time. According to the results presented in the first example, herein we only adopt the non-uniform mesh, i.e. 
An interface crack between two bonded piezoelectric plates
As shown in Figure 7 , an interface crack of arbitrary location between two finite piezoelectric plates is considered. The load boundary conditions are same as in the previous examples, i.e. Table I . Material properties of piezoelectrics BaTiO 3 and PZT-5H [48, 51] ( c ij in 10 9 N/m 2 , e ij in C/m 2 , ε ij in 10 -9 C/Vm). 
